Immersed boundary-lattice Boltzmann methods (IB-LBM) with the single-relaxation time (SRT) cause non-physical distortion in fluid velocity when the Reynolds number is low, i.e. the relaxation time  is high, and IB-LBM requires high spatial resolution to stably simulate high Reynolds number flows. An immersed boundary-finite difference lattice Boltzmann method (IB-FDLBM) using two-relaxation times (TRT) is therefore proposed in this study to simulate low and high Reynolds number flows stably and accurately. Benchmark problems such as circular Couette flows, flows past a circular cylinder and a sphere at various Reynolds numbers are carried out for validation. The main conclusions obtained are as follows: (1) TRT reduces numerical errors causing non-physical distortion in the fluid velocity at low Reynolds numbers, and accurate predictions are obtained when the parameter , which is a function of the two relaxation times, is low, (2) for stable simulation the parameter  should be decreased as the Reynolds number increases, (3) implementation of TRT and the implicit direct forcing method into IB-FDLBM can solve two problems in simulation of low Reynolds number flows, i.e. non-physical velocity distortion and non-physical penetration of flow into the solid body, and (4) IB-FDLBM with TRT gives good predictions of the drag coefficients of a circular cylinder and a sphere in uniform flows for a wide range of the Reynolds number, Re, i.e., 0.1 < Re < 1x10 4 .
Introduction
Lattice Boltzmann method (LBM) has been used as a numerical tool for predicting fluid flows and there have been a variety of applications of LBM such as heat and mass transfers (1) , (2) , gas-liquid two-phase flows (3)~(5) , liquid-solid two-phase flows (6) ~ (9) and so on. LBM has been often combined with immersed-boundary methods (IBM) based on a direct forcing method to simulate particulate flows (6) ~ (10) . Validation of IB-LBM has however been carried out only for stationary and moving particles at intermediate particle Reynolds numbers. Most of IB-LBMs utilize the single-relaxation time (SRT) model (11) for the particle collision term in the lattice Boltzmann equation. Since the relaxation time, , is a monotonically increasing function of the kinematic viscosity ,  decreases with decreasing , i.e. with increasing the Reynolds number, which is defined by Re = UL/ where U is the characteristic velocity scale and L the characteristic length scale. Simulations become unstable as  approaches its lower limit,  = 1/2 (12) , and U must be sufficiently smaller than the sound speed. Therefore a large L, i.e. high spatial resolution, must be used to perform stable simulations of high Reynolds number flows with IB-LBM (13) . Tsutahara et al. (14) implemented an additional collision term, which works as a negative viscosity in the macroscopic level, into a finite difference lattice Boltzmann method (FDLBM) (15) for single-phase flows and demonstrated that their FDLBM can stably simulate high Reynolds number flows even at low spatial resolution. The authors (16) combined FDLBM and an immersed boundary method (17) (IB-FDLBM) to simulate liquid-solid two-phase flows including moving particles at high Reynolds numbers. It has been demonstrated that IB-FDLBM can stably and accurately simulate high Reynolds number flows about both stationary and moving cylinders (13) . To ensure the applicability of IB-FDLBM to liquid-solid two-phase flows in various engineering applications, IB-FDLBM should be able to accurately simulate not only particles at high Reynolds numbers but also those at low Reynolds numbers. The authors however confirmed that non-physical distortion in fluid velocity appears when the Reynolds number is low, i.e. when the relaxation time is high (16) . This numerical error also takes place in IB-LBM as pointed out by Le & Zhang (18) . In our previous studies (9) , (19) , we pointed out that a two-relaxation time (TRT) collision model proposed by Ginzburg et al. (20) can be utilized to reduce the numerical error in IB-LBM.
The two-relaxation time collision model is, therefore, implemented into IB-FDLBM in this study to reduce the numerical error appearing at low Reynolds numbers. Simulations of circular Couette flows (18) are carried out at low Reynolds numbers to validate the proposed method. Predicted velocity distributions are compared with those obtained using SRT and with an analytical solution. Flows past a circular cylinder and a sphere are also simulated for a wide rage of the Reynolds number. The predicted drag coefficients obtained by using SRT and TRT are compared with an analytical solution and measured data. In the appendix, the Chapman-Enskog expansion is applied to IB-FDLBM with TRT to show the recovery of the macroscopic conservation equations for Newtonian fluids, i.e., the continuity and Navier-Stokes equations.
Numerical Method
The discrete Boltzmann equation with the direct forcing term, G i , is given by (16) 
where f i is the distribution function of the ith component of discrete velocity and A is a parameter, which works as a negative viscosity in the macroscopic level (14) . The collision term,  i , using two relaxation times is given by (20) :
where  + and   are the relaxation times for the symmetric part, f + , of the distribution function and for the anti-symmetric one, f  , respectively. The former is used to determine the kinematic viscosity, and the latter is used to improve numerical stability and accuracy. 
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The derivation of Eqs. (12) and (13) is given in the appendix.
The relaxation time,   , is determined through the following parameter,
The optimum values of  have been theoretically obtained in only a few simple cases for IB-LBM (19) , (20) . Hence a sensitivity analysis for  in IB-FDLBM will be carried out in the next section.
Fluid motion is computed at Eulerian grid points, x IJK = (x I , y J , z K ), by solving Eq. (1), whereas solid boundaries immersed in the flow field are represented using Lagrangian points,
, where I, J and K are the indices of a lattice point in the x, y and z directions, respectively, and L the index of a Lagrangian point. The force, G(X L ,t), acting on the fluid to impose the no-slip boundary condition is given by (17) 
where t is the time step, u P (X L , t) the velocity at the Lth Lagrangian point, and u(X L , t) the velocity interpolated by using
where  is the smoothed-delta function, V the volume of a computational cell, and  the domain in which   0. The delta function is given by
where h is the lattice spacing and  S the one-dimensional smoothed-delta function, for which the following four-point cosine delta function (21) is adopted:
The force calculated using Eq. (16) is distributed onto the Eulerian grid points by using the delta function as follows:
where N m is the number of Lagrangian points and S the area segment of a solid body (16) . The direct forcing term is given by Science and Technology 
A second-order Runge-Kutta method is used for the time integration of Eq. (1):
where the superscript n is the discrete time, i.e. t = nt. The advection term is discretized using a third-order upwind scheme (16) .
Results and Discussion

Circular Couette flows
Simulations of two-dimensional circular Couette flows (18) are carried out to investigate whether or not the proposed method can reduce non-physical distortion of a velocity field at a low Reynolds number, i.e. at a high relaxation time.
The numerical conditions are similar to those used in Le & Zhang (18) . Figure 2 (a) shows the computational domain. The numbers of lattice points in the x and y directions are 201 and 201. The outer cylinder is at rest, while the inner cylinder is rotating at the azimuthal velocity U  of 0.01. The radii, R out and R in , of the outer and inner cylinders are 70 and 45, respectively. The number of Lagrangian points is determined so as to make the spacing between two adjacent points on the outer cylinder comparable to the lattice spacing. The number of Lagrangian points is therefore 440 for each cylinder surface. Other numbers of Lagrangian points, e.g. 880 and 220, were also tested and no significant differences were found in the predicted velocity fields. Periodic boundary conditions are adopted for all the domain boundaries. The negative viscosity term, A, is set at 0.5. The Reynolds number of the flow is defined by
The range of Re tested is from 0.038 to 1.5. The analytical solution of the flow is given by
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where u  is the velocity component in the azimuthal direction. The solution is also shown in Fig. 2 (b) .
First, IB-FDLBM with SRT (13) , (16) is used to simulate the flows. Figure 3 shows the predicted u   The numerical error in the velocity increases with  and the non-axisymmetric velocity fields are formed when Re < 0.17. The circular Couette flows are then simulated using IB-FDLBM with TRT. The parameter  is set at 1/4. As shown in Fig. 4 , non-axisymmetric velocity distortion is not formed even at low Reynolds numbers. Figure 5 shows the errors, l, in the velocity distribution at  + = 10, where l is defined by Therefore   must be smaller than  + . Higher spatial resolutions, i.e. 401 and 801 lattice points for the domain width, are also tested and the results confirm that the error decreases with increasing the spatial resolution.
Flows past a circular cylinder at low Reynolds numbers
It was demonstrated in our previous study (13) however, has not been examined yet. Therefore let us first investigate the applicability of IB-FDLBM with SRT to flows past the circular cylinder at low Re.
Journal of Fluid
The computational domain is shown in Fig. 6 . The large computational domain, i.e. 100D and 80D in the x and y directions, is required to make the effects of the boundaries on the flow about the cylinder negligible because the viscous force is dominant for Re < 1. The cylinder is located at (x, y) = (40D, 40D) . The ratio of D to the lattice spacing h is 40. The number of Lagrangian points, which are evenly distributed at the cylinder surface, is 126. The coefficient of the additional collision term A is set at 0.5. The uniform flow along the x-axis enters from the left boundary at U 0 = 0.05. The relaxation time is 60.5. Lattice Boltzmann simulations are usually carried out by setting  around unity and errors in predictions increase with . For instance, U 0 must be set at 0.00042 to use a conventional value of the relaxation time, i.e.  = 1. This small U 0 , however, requires a much longer CPU time to obtain a steady state solution compared with the condition of U 0 = 0.05 and  = 60.5. 
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Vol. 8, No. 3, 2013 The use of a high , therefore, can reduce the computational cost, but increases numerical errors. An accurate and efficient calculation for low Reynolds number flows can be realized if TRT gives accurate solution at high . In the present simulation, the high  is therefore used to examine the numerical accuracy of SRT and TRT at high . The right, top and bottom boundaries are continuous outflow. Figure 7 shows the streamlines of the flows at Re = 0.1, at which  = 60.5. There are two problems: (1) the non-physical distortion in the velocity field and (2) the penetration of the streamlines into the cylinder. The former is caused by the numerical error of SRT as discussed in the previous section. The latter is caused not by the numerical error of SRT but by that of the direct forcing method (16) as pointed out by Wu & Shu (22) : the cause of penetration is that the direct forcing term, Eq. (16), for the Lth Lagrangian point does not include the effects of the forcing by the neighboring Lagrangian points. They also proposed an implicit direct forcing method for IB-LBM to prevent the non-physical penetration. The implicit direct forcing method is implemented into IB-FDLBM in the following.
Equation (1) without the forcing term, G i , is used to obtain the predictor, f i * , of the distribution function. The predictor of u at the Eulerian grid points is obtained by
is obtained by solving the following simultaneous linear equations 
The force, G, is given by
The forcing term, G i , is calculated using Eq. (21), and then, the distribution function is updated as f i n+1 = f i * + G i .
The following four-point piecewise delta function (23) is used in the implicit method. The second-order Runge-Kutta scheme and the third-order upwind scheme are used to discretize Eq. (1). Hereafter the direct forcing method in section 2 is referred to as the explicit direct forcing method.
The flow past the circular cylinder at Re = 0.1 is calculated using SRT and the implicit direct forcing method. As shown in Fig. 8 , the penetration is successfully prevented. The non-physical distortion in the velocity field however still remains. Figures 9 (a) shows the streamlines of the flow at Re = 0.1 predicted using IB-FDLBM with TRT and the explicit direct forcing method. The parameter  is 1/4. Non-physical velocity distortion is not present. However the penetration takes place as in Fig. 7 . The penetration can be prevented using the implicit direct forcing method as shown in Fig. 9 (b) . Therefore IB-FDLBM with TRT and the implicit direct forcing method allows us to solve the aforementioned problems, i.e. the non-physical velocity distortion and the penetration of flow into the solid body.
The effects of  on the numerical stability are investigated. The aforementioned computational domain is also used at Re = 0.1, whereas the domain sizes are 50D and 40D in the x and y directions and the cylinder is located at (x, y) = (20D, 20D) when Re > 1. Figure 10 shows a diagram to distinguish acceptable and unacceptable parameter spaces, in which there is non-physical distortion of the velocity field or numerical instability arises in Vol. 8, No. 3, 2013 the calculation. The unacceptable region appears at high  and it becomes wider with increasing Re. Therefore for stable calculation  should be decreased as Re increases. The dashed line represents  for  + =   , at which TRT reduces to SRT. For Re > 2, both SRT and TRT can be used to stably simulate the flows. SRT however lies in the unacceptable region at lower Reynolds numbers.
The drag force, F D , is calculated by summing up F(X L , t) for all the Lagrangian points:
where
The predicted drag coefficients are compared with measured data (24) and the following analytical solution (25) :
where  = 0.57721. Figure 11 shows the predicted drag coefficients. The parameter in TRT is 1/4 for Re < 1, whereas it is 10 2 , 10 3 and 10 8 at Re = 20, 100 and 10000, respectively. Reasonable agreements between the predictions and the measured data are obtained using SRT for Re > 1 as reported in Rojas et al. (13) . It should be noted that the drag coefficient at the highest Reynolds number (= 10 4 ) is predictable despite the fact that the present two-dimensional calculation cannot deal with three-dimensional turbulent structure in the wake and cannot resolve a very thin boundary layer at the cylinder surface with the current spatial resolution, because the drag coefficient at high Re mainly consists of form drag. The error in C D increases as Re decreases for Re < 1. Good predictions at high Reynolds numbers are obtained using TRT. In addition, TRT gives more accurate predictions of C D at low Re than SRT.
Flows past a sphere
Simulations of flows past a sphere at low and high Reynolds numbers are carried out to examine the applicability of the proposed method to three-dimensional simulations. The dimensions of the domain are 50D, 40D and 40D in the x, y and z directions, respectively. The sphere is located at (x, y, z) = (20D, 20D, 20D ) and the ratio, D/h, is 40. Lower spatial resolutions, i.e. D/h = 10 and 20, were also tested, and the results confirmed that the spatial resolution of D/h = 40 is sufficient to obtain reasonable predictions of C D .
Lagrangian points are generated using a method proposed by Feng & Michaelides (7) . The number of Lagrangian points at the sphere surface is 4958. A is set at 0.5. The boundary conditions are similar to those used for the two-dimensional circular cylinder. The inflow velocity is 0.05. Various Reynolds numbers, i.e. Re = 0.1, 0.2, 1, 20, 400, 1000, 10000, are tested. The parameter  is 1/4 for Re < 1, whereas it is 10 2 , 10 4 , 10 5 and 10 8 at Re = 20, 400, 1000 and 10000, respectively. The explicit direct forcing method is used when Re > 1, whereas the implicit method is used when Re < 1.
Predicted drag coefficients are plotted against the Reynolds number in Fig. 12 . Good agreements between the measured data (24) and the predictions are obtained for Re > 1 both with SRT and TRT. The drag coefficients predicted using SRT at Re = 0.1 and 0.2 however show large errors. Non-physical velocity distortion similar to that in Fig. 7 is also present in these calculations. In contrast, TRT gives good predictions of C D even at these Reynolds numbers and non-physical velocity distortion is not formed.
Conclusion
A two-relaxation time (TRT) collision model was implemented into the immersed boundary-finite difference lattice Boltzmann method (IB-FDLBM) to reduce numerical errors appearing at low Reynolds numbers, i.e. at high relaxation times. An implicit direct forcing method was also implemented into IB-FDLBM to accurately deal with the no-slip boundary condition at the immersed boundaries. Simulations of circular Couette flows were carried out to validate the proposed method. In addition, flows past a circular cylinder and a sphere were simulated to examine the applicability of the method to both low and high Reynolds number flows. As a result, the following conclusions are obtained:
(1) TRT reduces numerical errors causing non-physical distortion in the fluid velocity at low Reynolds numbers, and accurate predictions are obtained when the parameter  defined by Eq. (15) is low.
(2) For stable simulation the parameter  should be decreased as the Reynolds number increases. 
